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One of the major problems in the
prediction and correlation of plate
efficiencies for large trays is lack of
knowledge of the gradient of liquid
concentration from the tray inlet to the
outlet. This gradient is a function of the
amount of mixing of the liquid that
occurs in the direction of liquid travel as
the liquid flows across the tray. Hereto-
fore, for lack of concrete information
concerning liquid mixing, one has been
forced to assume either that the liquid
on the tray is completely mixed or that
it is not mixed at all. These two assump-
tions often lead to serious inaccuracies
in estimates of plate efficiency. The studies
of liquid mixing reported in this paper
were undertaken to establish the nature
and extent of mixing and to develop
calculational methods to account for its
effect on plate efficiency.

In these studies the degree of liquid
mixing was determined experimentally
by a tracer technique of measuring the
distribution of residence times of the
liquid. Further, an expression relating
the plate efficiency to these distribution
functions has been derived. Plate effi-
ciencies predicted by this relationship
were checked by comparison with plate
efficiencies measured under conditions
for which the rate of liquid mixing and
the point efficiency had been established
quantitatively. A simplified calculation
procedure is presented which affords a
rapid means of computing plate efficiency
under all mixing conditions.

HISTORICAL BACKGROUND

The first attempt to account quantita-
tively for the effect of liquid mixing on
tray efficiency was made by Kirschbaum
in 1934 (14, 15). He proposed that the
tray be divided in the direction of liquid
flow into several equal-sized, perfectly
mixed pools and the liquid be imagined
to flow from one pool into the next until
it reached the outlet weir. A tray with
a single pool corresponded to a perfectly
mixed tray, and one with an infinite
number of pools corresponded to an
entirely unmixed tray (plug flow of
liquid). Kirschbaum did not indicate,
however, how to determine the number
of pools.

In 1955 Gautreaux and O’Connell (9)
revived the pool concept of Kirschbaum
and derived an expression for the Mur-
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phree vapor efficiency Ejy, assuming
that the equilibrium and operating lines
were straight over the concentration
range of a single tray. Their result was

Euy = )\‘1[(1 + Mgﬂ) — 1] (1)

n .

n being the number of pools, A the ratio
of the slopes of equilibrium and operating
lines, and Ege the point efficiency. A
tentative correlation of the number of
pools vs. tray length was presented.

A further extension of the pool concept
has been developed by Marangozis and
Johnson (21), who included the effect
of a series of pools of perfectly mixed
liquid in the vertical direction (direction
of gas flow) as well as in the horizontal
direction (direction of liquid flow).

Another approach to the problem of
liquid mixing on distillation trays is based
on the supposition that mixing takes
place by an eddy-diffusion mechanism.
In addition to material transport by the
bulk flow of liquid across the tray, it is
assumed that material is also transported
from one position to another at a rate
proportional to the concentration gradient
in the direction of the liquid flow. By
analogy to diffusion theory of the kinetic
theory of gases, the proportionality factor
is called an eddy-diffusion coefficient.
Most of the activity in this field has been
centered at the Massachusetts Institute
of Technology. Several students working
there under Gilliland have measured
eddy-diffusion coefficients by a steady
state tracer technique and then have
utilized the measured values to correlate
mass transfer results on both bubble-cap
and sieve trays (2, 3, 27, 30).

Two recent investigations have em-
ployed still another mechanism. Oliver
and Watson (23) and Warzel (28) have
assumed that a certain fraction of the
liquid at the exit weir is recircuited to the
inlet weir, where it is mixed with' the in-
coming liquid. This mechanism is not
explicitly stated by Oliver and Watson
but is by Warzel; the final expressions
resulting from the two studies for the
Murphree plate efficiency are identical.
Both showed that the fractional mixing
parameter increased with an increase in
gas throughput. The fractional mixing
parameter was calculated from the
difference in the experimentally "deter-
mined liquid concentration immediately
preceding and immediately following the
inlet weir.
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APPROACH TO PROBLEM

The present approach to the problem
differs from the studies just discussed.
It is based on the supposition that mixing
of the flowing liquid causes some of the
liquid to reside on the tray for periods
longer and/or shorter than the period of
residence of some other portion of liquid.
In other words, mixing of the liquid
should produce an entire spectrum or
distribution of liquid residence times
capable of ranging all the way from zero
to infinity. In the case of plug flow, all
portions of the liquid reside on the tray
for the same length of time, and in the
case of perfect mixing a large portion of
the liquid leaves the tray before the
average liquid residence time has elapsed.

Actually, the use of the residence-time
concept is quite old, dating back as far as
1894, when Stewart (26) determined
flows in small blood vessels by measuring
the time necessary for injected salt to
flow from one point to another. It was
not until 1953, however, that a unified
and comprehensive treatment of the
residence-time concept in continuous-flow
systems appeared, when Danckwerts pre-
sented an outstanding paper on the
subject (4) that detailed the fundamental
ideas involved, along with applications
to several types of processes being carried
out in continuous-flow systems.

While Danckwerts was the first to
present a generalized discussion on the
topie, several previous workers had
applied its principles in specific applica-
tions. MacMullin and Weber (20) dis-
cussed residence-time distributions of a
series of continuous-flow—stirred-tank re-
actors. Gas residence times in a small
fluidized bed were measured by Gilliland
and Mason (10), and an attempt was
made to compute from the known distri-
bution and a known reaction-rate con-
stant the degree of conversion of a
reacting gas mixture flowing through the
bed. More recently Danckwerts, Jenkins,
and Place (5) injected a pulse of helium-
into the vapor stream entering a large-
scale fluidized bed and measured the
helium concentration in the effluent vapor
to obtain residence-time distributions.
Andersen and Matthias (Z) used the
distribution of residence times of catalyst
particles in a fluidized bed to compute
the steady state catalyst activity. A
particularly interesting study is that of
Jardine (12), who determined the resi-
dence-time distribution of gas bubbles
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passing through the liquid on a sieve
tray by a frequency-response technique.
Other interesting applications and dis-
cussions of the residence-time concept
appear in references noted by Danck-
werts (4) and in other sources (16, 22,
25, 81).

Use of the residence-tinie concept to
characterize the degree of liquid mixing
on bubble trays appears to have few,
if any, limitations in this application.
The present approach is more realistic
than the pool concept of Gautreaux and
O’Connell or the fractional-liquid-mixing
ideas of Warzel or of Oliver and Watson.
It is unlikely that a number of well-
mixed pools would actually exist on a
bubble tray. The eddy-diffusion concept,
of course, is merely an extension of the
molecular-diffusion mechanism and is
somewhat restricted in use; for example,
it is incapable of describing extreme
liquid by-passing and probably holds
only when there are a large number of
repetitions of the diffusive mechanism.
The residence-time concept, on the other

1 — fw exp (—AEogt/Df(f) dt

in each stream is affected by mass transfer
to the gas at a constant local efficiency
Ey¢. The precise behavior of the liquid
concentration of any given stream as it
flows along the tray may be deduced by
considering a material balance on a
differential-volume element of that
stream. If one assumes that the gas
passes uniformly up through the liquid
in plug flow and that the operating and
equilibrium lines are straight for a
given tray, one finds that the concentra-
tion of a given fluid stream at location £
on the tray may be expressed as follows:

e, t) = ci*

+ (cin — €in*) exp (—AEoqtE/7)

The mathcmatical details leading to this
result are given in refercnce 7.

By solving Equation (2) for the liquid
concentrations at the tray cxit (¢ = 1)
and by weighting the concentration of
each stream according to the residence-
time distribution, one may compute the
Murphree efficiencies. The expression for
the Murphree vapor efficiency is

(2

EMV =

3)

M [ exp (=Moot/ 1) dt

and the result for the Murphree liquid
efficiency is

| — fw exp (—MEoot/D)f(1) dt

Eyr =

bhand, should be able to describe

all
conditions. .

EFFECT OF RESIDENCE-TIME DISTRIBUTION
ON PLATE EFFICIENCY

A bubble tray operating normally with
cross flow of liquid will be considered, with
the liquid entering the tray assumed to
consist of an infinite number of streams
each of which is destined to reside on the
tray a certain time. In one such stream
the quantity of liquid may be denoted by

L’f(t) dt = 1b. moles/hour of liquid des-
tined to have an age between
t and (¢t + dt) at the moment
of leaving the tray

The function f(f) here is the liquid
residence-time function and in general
would resemble the distribution function
sketched in Figure 1. The mean or the
first moment of this function is the mean
residence time of the liquid, and the
total area under the curve represents the
sum of all fluid streams.

The concentration of dissolved material
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1 - x"[l - f: exp (—AE,qt/n)() dz:I

S

Both these results reduce to the well-
known expressions for efficiencies in the
cases of no mixing (19) and complete
mixing. [t will be noticed that the inte-
grals appearing in Equations (2) and (3)
are in reality Laplace transformations of

1®,
L{f()}

= f e (D dt with p = AEoq/T.
1]

Thus it is possible to use a table of
transforms to find Ey and Eyy quickly
when a functional form of f(£) is given.

It is to be noted that the expressions
for the Murphree plate efficiencies apply
to all cases of liquid behavior, ranging
from plug flow, where Eyy and Ej . are
the highest, to the casc of liquid by-
passing, where the efficiencies drop below
the point values and approach zero.

In order to check these relationships a
comprehensive experimental program was
undertaken. In the first set of experiments
the liquid residence-time distribution
function was measured, and in the second
set, measurement was made of the point
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eficiency under the same operating
conditions employed in the first. Use of
these two sets of data in either Equation
(3) or (4) permits a prediction to be
made of the Murphree efficiency. These
predicted Murphree efficiencies were
then compared with experimental Mur-
phree efficiencies determined in a third
set of experiments.

EXPERIMENTS AND APPARATUS

Choice of Apparatus and Gas-liquid System

In the present work experiments were
Jimited to sieve trays of constant hole
diameter but varying total hole area and
to one gas-liquid system. Sieve trays rather
than bubble-cap trays were selected as the
gas-liquid contacting device because of
their simplicity. While bubble-cap trays
are equally as important as gas-liquid
contactors, it was felt that in this initial
study, the fundamentals of the mixing
process might best be studied where the
flow of bubbling liquid was uncomplicated
by the presence of bubble caps.

The system cmployed in these experi-
ments was the desorption of oxygen-rich
water with air. The tests were carried out
at about 23°C. and total pressure of 1 atm.
Since the solubility of oxygen in water is
extremely low at these conditions, this
system has only liquid-phase mass transfer
resistance. To be sure, gas-phase controlling
systems are equally important commercially,
but the system chosen is entirely adequate
for testing the hypothesis and docs allow
simplifications in the apparatus and experi-
mental techniques.

In the present work the desire to simulate
conditions of froth flow and behavior that
might be expected in large-diameter com-
mercial columns dictated the choice of a
large experimental apparatus. It was felt,
however, that authentic froth behavior
could be obtained by considering only a
slice down the center of a large tray between
the inlet and outlet weirs. The tray then
would be a rectangular one, and the width
of the slice selected was 9.5 in. The length
of liquid travel was the most important
tray dimension, as the entire study was
concerned with mixing in the direction of
liquid flow. Preliminary tests indicated that
a tray length of 36 in. would be enough to
ensure tray behavior typical of the center
of large-scale trays. The liquid flow at the
periphery of circular trays is not accounted
for in this apparatus; however on large
trays this peripheral flow should be only
a small portion of the total flow.

Some of the features of the apparatus
included an outlet weir of variable height
used to adjust the height of the froth,
pressure taps connected to the tray floor
for measurement of the height of clear
liquid, liquid sampling taps along the tray,
and provisions for dissolving oxygen into
the water entering the tray unit. Changes
in water temperature on the tray due to
evaporation were eliminated by providing
for the humidification of the entcring air
with small quantities of live steam. Also
included was a section of tray to preaerate
the incoming liquid in order to minimize
end effects caused by the dumping of
liquid onto the tray at the liquid inlet.
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The preaeration section was used only at
low gas throughputs and was separated
from the 36-in. test section by a partitioning
device constructed to allow the free flow
of froth in the forward direction but to
prevent back mixing past it. Various sieve
trays could be installed easily into the
apparatus, and these were fabricated by
punching 3/16-in. holes on a triangular
spacing into brass sheets 1/16 in. thick.
The accompanying table summarizes the
important dimensions of the trays used in
this study. )

Hole Hole spacing, %
Tray diameter, center-to-center, Free arca
No. in. in, of tray
1 3/16 7/8 4.16
4 3/16 5/8 8.0
2 3/16 17/32 10.6

Their over-all dimensions were 9.5 by 45 in.
Further details concerning the tray unit
may be obtained from reference 7.

Rasld

time Experi

The distribution of liquid residence times
was measured by introducing a small
amount of tracer material into the incoming
liquid stream and monitoring the concen-
tration of this tracer in the tray effluent
with time. With this technique, it is
implicitly assumed that a tracer particle
behaves just as any other element of fluid
and that the behavior of many elements of
fluid may be determined by the behavior
of the tracer material which represents
these elements. As pointed out by Danck-
werts (4), these assumptions may not hold
if molecular diffusion of the tracer material
is appreciable. In the present application,
however, this effect would be undetectable
experimentally.

If an instantaneous pulse of tracer
material could be injected into the liquid
just as it enters the tray, the time history
of the tracer concentration at the exit weir
would resemble the residence-time distri-
bution function of Figure 1, and after the
size of the input had been appropriately
accounted for, it would be the actual liquid
residence-time distribution. It is possible
to obtain the same information by injecting
a unit step input instead. Introduction of
a sharp pulse input requires elaborate
equipment, whereas rapid change of the
inlet tracer concentration from one value
to another is considerably less troublesome
to achieve. This latter technique was used,
and the response of the tray to this unit-step
input gave directly the cumulative residence-
time distribution. The residence-time distri-
bution function itself was obtained from
the cumulative distribution by differentia-
tion with respect to time, a valid practice as
the unit-pulse input is the derivative of
the unit-step input. It must be assumed
first, however, that the system, that is, the
flowing froth containing the tracer, is
linear and that therefore tracer concentra-
tions must be additive, and this latter
assumption is entirely reasonable.

The particular tracer material used was
a concentrated solution of common salt in
water. The main liquid supplied to the
tray was tap water, and air from a blower
passed upward through the single tray
employed. Both air and water were at
23°C. and 1 atm. In order to produce a
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f(t)
t
Fig. 1. Typical residence-time distribution
function.

plane source of tracer at the liquid inlet,
the salt solution was injected into the
incoming liquid at several points closely
spaced in both the vertical and transverse
directions of the liquid cross section. This
approximation of a plane source by a finite
number of point sources distributed in a
plane is satisfactory if the tracer from an
individual point merges with tracer from
surrounding points in a time which is short
compared with the time required for the
tracer to reach the concentration measuring
element. Placing the point sources 14 in.
apart in the present work assured the
validity of such an approximation. The
step input of salt tracer was achieved by
instantancously stopping the steady flow
of the salt solution entering this distribut-
ing device. The rate at which salt solution
was injected was usually about 1 or 29,
of the main liquid flow rate. In all the
experiments the salt concentration of the
water never exceeded 0.1 wt. %.

The concentration history of salt in the
liquid leaving the tray was determined by
continuous measurement of the electrical
conductivity of the liquid. A small con-
ductivity cell which could be positioned at
any point on the tray was constructed and
operated so that it detected the instan-
taneous conductivity of the liquid. This
cell acted as one arm of a Wheatstone’s
bridge, and the bridge unbalance at any
instant was amplified and continuously
recorded on a strip-chart recorder. Zero
time was marked automatically on the
strip chart at the instant the step input of
salt occurred. Details of construction of
the conductivity cell and of the device used
to obtain a plane source of tracer are
described fully in reference 7.

The design of an experimental program
for the determination of the residence-time
distribution was governed by preliminary
scouting measurements. These preliminary
runs led to selection of the following operat-~
ing variables, which appeared to have the
most important effect on the residence-time
distribution.

Gas velocity

Froth height

Mean linear
froth velocity

2 and 6 ft./sec.

4 and 8 in.

0.2 to 1.1 ft./sec.
(run at three levels
at cach of the fore-
going conditions)

The 49%-free-area tray was used for the
2 ft./sec. gas rate runs and the 119%-free-
area tray for the 6 ft./sec. runs. This
selection kept the gas velocity through the
holes between 50 and 60 ft./sec.

A.1.Ch.E. Journal

Preliminary tests also showed that by
measuring the distribution function at
various points along the direction of liquid
travel, one could follow its rate of spreading
or its variance change with distance. The
discovery that the variance increased
linearly with distance immediately sug-
gested the rate-of-increase-of-variance as a
measure of the rate of mixing. Consequently
the experimental program included meas-
urement of the distribution function at six
points along the 36-in.-long flow channel
at each of the conditions tabulated above.

Plate Efficiency and Concentration
Profile Expariments

Measurements of the liquid Murphree
plate efficiencies and liquid concentration -
profiles were made under the same operating
conditions as those employed in the resi-
dence-time experiments. Oxygen desorption
from water into air was the system em-
ployed. At low froth velocities the tray
length was shortened to 18 in. in order that
oxygen would not be stripped entirely out
of the liquid by the time it reached the end
of the tray. Liquid samples taken at the
liquid inlet and outlet and at various
positions along the tray were analyzed for
dissolved oxygen by the Winkler method.
Experiments of thie nature have been
reported previously by the authors (8).

Liquid-phase Mass Transfer Coefficiont
Experiments

In order to predict the Murphree plate
efficiency by Equation (3), it is necessary
to know both the residence-time function
and the point efficiency. For a liquid-phase
controlling system, such as the oxygen-air-
water system of this study, the (AEoq)
product in Equation (4) reduces to N, =
(kraZ,/L), the number of liquid-phase trans-
fer units.

It was decided to measure kza by a steady
state method with a large pool of completely
mixed froth. A large pool was desired so
that the results obtained would truly be
representative of mass transfer rates on
large-scale trays. The pool was 6 in. wide
and 24 in. long, and it had adjustable sides
for control of the froth height. The sieve
tray was the base of the pool. Oxygen-rich
water was continuously fed to the pool,
and froth spilled over the entire periphery
of the boxlike pool enclosure. Ideally, in
order to obtain & pool of uniform concen-
tration, liquid should be introduced and
removed at an infinite number of points,
but this was approximated by introducing
liquid at six equally spaced points on the
long center line of the pool and allowing the
liquid to leave at the pool edges. Liquid
samples taken at several locations within
the froth confirmed the constancy of the
liquid composition throughout the pool.
Under these conditions one may equate the
rates of supply and removal of oxygen as
follows:

Licin — 0 = kraZc — Cous™) (5)

where ¢ is the composition of the liquid on
the tray (and also leaving the tray), and
¢:n i8 the composition of the entering liquid.
The value of kLa was computed by use of
experimentally measured values of oxygen
concentration and froth height, Z,.
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Fig. 2. Distribution of residence times of aerated water flowing
across a 36-in.-long sieve tray at low froth velocity conditions.
Mean residence time, r, is 15.70 sec. Distribution function is shown
as function of time, ¢, and fraction of total tray length, . Arrows

RESIDENCE-TIME-DISTRIBUTION RESULTS

Residence-time distribution functions
were determined from the strip-chart
records by first averaging random con-
centration fluctuations in the four (some-
times three) replicate runs made at each
condition. Averages were made visually
at equally spaced values of time by
superposition of the charts. These aver-
aged strip-chart readings were then used
to calculate the tray response to the unit-
step input. The residence-time distribu-
tion function f(f) was then computed
from this by differentiation with respect
to time by use of a 7-point-least-squares
method (24).

Some typical distribution functions for
high and low froth velocities are shown
in Figures 2 and 3. The gas rate is 6
ft./sec., and the froth height is 4 in. for
both runs. The time scale in these
figures has been made dimensionless by
dividing by the mean residence time 7.
The distributions shown have been
computed as a function of 8 = ¢/7.

Complete data for these runs and runs at -

other operating conditions may be
obtained from reference 7. Note that the
distributions at the high froth wvelocity
are more sharply peaked than those at
the lower velocity. At the high froth
velocity no liquid leaves the tray until
it has resided a time of at least one half
the nominal residence time. At the low
froth velocity liquid begins to leave
somewhat earlier. In both cases only
about 569, of the liquid has left the tray
after residing one residence time. At high
froth velocities only about 2.59, remains
longer than 1.5 residence times, whereas
10.59, has ages greater than 1.5 at the
low froth velocities. From these cursory
observations, it may be stated only
qualitatively at this point that the mixing
rate at the low froth velocity appears
somewhat higher than the rate at the
higher velocity.
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It is interesting to note also the position
of the peaks relative to the means. A
distribution that is peaked before the
mean implies that there is some by-
passing or short-circuiting of the liquid.
Also, the distribution functions near the
liquid inlet indicate some by-passing, but
as one progresses along the tray, the
distributions become more symmetrical
and the peaks more nearly coincide with
the means.

THE RATE OF LIQUID MIXING

One of the most significant findings of
the present work was the linear increase
of variance of the distribution function
as it progressed along the tray. The con-
stant rate-of-variance increase for a
given operating condition was chosen as
the function for characterizing the rate of
liquid’ mixing for that condition. The
variance measures dispersion, and the
variance used here measures dispersions
in the time domain rather than the space
domain.

The variance o,2(w) of the distribution
function f(w, ') about its mean at w is
defined as

2w = [ @ - Wi yar ©

where ¢,/ is the mean or first moment of
f(w, t') and is defined as

W= T viw, ) dt ()

For a given run the variance of f(w, )
was computed by numerical integration
of Equation (6) at each of the six points
on the tray and then plotted vs. its
mean age &’. Figure 4 shows typical
results for a high and low froth velocity.
More correctly, the variance should have
been plotted vs. tray position, and this
would have been done had the six
distribution functions for each operating
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2.5 30

indicate mean liquid age at various positions, . Gas velocity is
6.03 cu. ft./(sec.)(sq. ft. of bubbling area), liquid rate is 8.45 gal.
(min.)(ft. tray width), froth height is 4.1 in., and froth velocity is
0.180 ft./sec. sieve tray has 10.69, free area.

condition been determined at precisely
the same froth velocity. But since posi-
tioning of the cell at each of the six points
required interruption of the flows between
determinations of f(w, t), the froth
velocity varied slightly from the nominal
value each time the flows were reset. By
plotting in this manner, the effects of
these small differences in froth velocity
were absorbed in the variation of t,” with
froth velocity. A mean froth velocity was
later assigned to the run so that the
variance increase per foot of tray length
might be determined.

The presence of nonuniform froth con-
ditions at the ends of the tray may be
noted on Figure 4. At high froth velocities
the variances at the liquid inlet and outlet
were so abnormal that the values of
o.2(w) at those points could not be used
to determine the slope of these lines.
For this reason, also, there was no concern
about obtaining negative intercepts since
end effects could easily account for this.
The linearity of the variance, then, holds
only for the center of a large tray, but
under certain conditions, such as low
froth velocities, it may well hold for the
entire tray.

In order to determine the time rate-of-
variance increase for each operating
condition, slopes of wvariance vs. &’
plotted as in Figure 4 were computed by a
least-squares procedure. This yielded a
variance rate in sec.?/sec., and in order
to obtain the variance change per foot of
tray length do,2/dw, the slopes of the
lines of Figure 4 were divided by the
froth velocity.

The values of the variance rates thus
determined covered a wide range, depend-
ing upon such factors as froth velocity,
froth height, gas rate, and liquid holdup.
A convenient method of correlating
these data has been developed and is
given in Figure 5. In this figure the
variance rate per unit of liquid holdup
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R, = (1/Z,) (do,*/dw) has been plotted
vs. froth momentum ¢V,. According to
Figure 5, the variance rate is uniquely
determined by the liquid holdup and the
froth momentum; gas rate and froth
height are influencing factors only in
the sense that they affect the holdup and
momentum.

Froth momentum is believed to be one
of the fundamental correlating variables
because it affords some measure of the
froth’s tendency to remain in uniform
motion. It is presumed that the higher
the momentum of the froth flow, the
more difficult it would be for any external
force to change the velocity vector of a
given froth element. The decrease in
variance rate, then, with increased froth
momentum is understandable.

Several authors have previously applied
the eddy diffusion concept to mixing
problems in continuous flow systems, and
it is of interest to note the relation
between the eddy-diffusion coefficient D
and the rate of change of variance used
in this work. Danckwerts (4) has shown
that the eddy diffusion mechanism leads
to the following cumulative distribution
function at a point w on the tray:

w— Vi
] ©

This relation holds only when the diffu-
sion rate is small compared with the
mass flow rate; that is, D/(V,w) < 1.
Using the derivative of Equation (7) to
obtain the frequency function f(w, {¢),
one may then derive the relation between
the variance and the eddy diffusion

F(w, ') = 1/2 erfe I:

coeflicient. (This derivation is available -

in reference 7.) The result is

a_ 1 (EQ)
g, = Vf sz w/ (9)
The rate of change of variance with
distance is

do’ _ 2D
dw V/j
Equation (9) states that the eddy-
diffusion mechanism predicts a linear
increase in variance with tray length, and
this is precisely what has been found
experimentally. Equation (10) gives
directly the relation between the variance
rate and eddy-diffusion coefficient, a
relation that is surprisingly similar to the
correlation of the mixing rate already
presented in Figure 5. Data of Figure 5
indicate that R, is proportional to the
froth momentum ¢V, raised to the
— 2.8 power. The similarity between this
fact and the relation of Equation (9)
should be noted. The empirical relation
R, = 2.057 X 103 (@¢V,) 28 fits the
data closely. R, has units of (sec.?/ft.)/in.,
V, is in ft./sec., and ¢ is dimensionless.
The correlation between the variance
rate and froth momentum holds, of
course, only as long as the variance rate is
constant across the entire tray. For
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Fig. 3. Distribution of residence times of aerated water flowing across a 36 in.-long sieve

tray at high froth velocity conditions. Mean residence time, r, is 2.98 sec. Distribution

function is shown as function of time, f, and fraction of total tray length, #. Arrows indi-

cate mean liquid age at various positions, £. Gas velocity is 6.02 cu. ft./(sec.)(sq. ft. of

bubbling area), liquid rate is 43.5 gal./ (min.)(ft. tray width), froth height is 4.0 in.,
; and froth velocity is 1.08 ft./sec. Sieve tray has 10.69, free area.

large-diameter trays one might assume
without much error that this condition
exists, In this case, an approximate
distribution function can be obtained
with knowledge of the variance rate. Use
of this correlation, however, requires
knowledge of the froth properties, and
fortunately these are becoming more
readily available. The froth character-
istics of the trays used in this study have
already been reported (8), and froth
properties of several other systems on
bubble-cap trays are being determined by
the A.I.Ch.E. research program on plate
efficiencies. Care should be exercised in
using froth properties of other systems
and other trays in the foregoing mixing-
rate correlation, for there is no direct
evidence that it will hold for other systems
and other types of trays. The same general
considerations should apply, however, to
all systems and trays.

RESULTS OF LIQUID-PHASE MASS
TRANSFER COEFFICIENT STUDIES

Liquid-phase mass transfer coefficients
were computed by Equation (5), meas-
ured oxygen concentrations being used in
the thoroughly mixed pool previously
described. The measured concentrations
of dissolved oxygen at several points in
the pool were not all precisely the same,
but the variation was only slight, and an
average of several determinations was
used in the calculation of the kra values.
Values of the equilibrium concentration
of dissolved.oxygen é,..* were calculated
by use of the Henry’s Law constant (11).

The liquid-phase mass transfer coeffi-
cient was found to be dependent on the
two froth properties, froth density and
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froth height. The rate of liquid supply at
any given froth height and froth density
produced only a very slight variation in
the ke values, and these appeared to
be random. The conclusion was that
there was no effect of liquid rate and that
k,a values could be correlated entirely as
a function of froth height and froth
density. Figure 6 shows the behavior of
kra with variation in both froth density
and froth height. The froth-height param-
eter is the nominal value about which
the froth height was controlled during
the runs. Deviation from these values
was usually not more than =1{ in.
Detailed data are given in reference 7.

The solid lines on Figure 6 represent a
least-squares fit of the data. Since froth
density was allowed to vary as it pleased
and since froth height could be controlled
only approximately, use of the least-
squares technique to correlate the effect
of the froth properties on %.a seemed to
be the most efficient way to treat the
data. Furthermore, since values of k a
that obtained during the residence-time
distribution runs were needed, a least-
squares relation between kpa, Z;, and ¢
was found to be particularly convenient
in interpolating the experimental data
to the given froth conditions. Initial
examination of the data indicated that
the factors that should be included in the
regression model were linear terms in both
¢ and Z;, a ¢Z, interaction and a quad-
ratic ¢ term. Determination of the coeffi-
cients led to the following result:

kia = 1,197 — 3,478Z;
+ 18,9009 - 16,54N¢Z;
— 43,160¢°

(11
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width), froth height is 8.0 in., and froth velocity is 0.984
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Equation (11) is shown as a series of solid
lines on Figure 4. In the equation the
units of kya are pound-moles per hour
per cubic feet of froth (unit mole fraction
difference), Z, is froth height in feet, and
¢ is froth density in cubic feet of clear
liquid per cubic feet of froth. The water
temperature averaged 21.1°C. The dotted
lines about each froth-height line are
959, confidence limits; that is, the
a priori probability is 0.95 that the least-
squares-regression line will fall between
the limits shown.

While these experiments have yielded
significant findings concerning the be-
havior of mass transfer rates, they
nevertheless represent a minor portion of
the entire study. Unfortunately, space
limitations prohibit a full interpretation
of the results. It is believed, however,
that the observed maximum of k.a is due
almost entirely to changes in interfacial
area with variation in froth density. The
effect of increased froth height upon k.a
is also of interest, and it is believed that
changes in interfacial area with froth
height also account for these effects.
Several previous workers have reported
sieve-tray behavior which supports both
the trends and the absolute magnitude of
the present results (6, 8, 13, 17, 18, 29).

CALCULATION OF PLATE EFFICIENCY
AND CONCENTRATION PROFILES FROM
RESIDENCE-TIME DATA

After determination of both the resi-
dence-time distribution for a given
operating condition and the mass transfer
coefficient applicable at that condition, it
is now possible to compute the actual
tray efficiency by Equation (4). For the
case of a liquid-phase controlling system,
Equation (4) reduces to
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Fig. 4b. Increase of variance with mean age of liquid flowing across
36 in.-long sieve tray under low froth velocity conditions. Run
conditions are same as in Fig. 2.

Epyp =1 — f eV ES(D) d
¢ (12)

1
— 1 _ f e—NLl/-r dF(t)
0

It should be remembered that in this
expression N, = kra(Z,/L).

It is also possible to compute the
oxygen concentration profiles along the
tray by making use of the distribution
functions f(£, t') that were also measured.
The question arises, however, as to the
precise definition of the distribution
function measured at an intermediate
point on the tray. It is supposed that the
conductivity cell without discrimination
samples all fluid “particles’” within a
small slice of froth in which the cell is
located. Or, alternately, one may state
that all ‘“‘particles” of fluid in this small
slice of froth have equal probabilities of
entering the cell. However, the number of
“particles” entering the cell belonging to
a given time group contained in the slice
would be proportional to the fraction of
the slice volume occupied by this group.
The cell, then, measures a volume- or
space-average salt concentration. The
measured distribution function f(¢, ¢') dt’,
therefore, may be defined as the fraction
of the fluid contained in a small slice at £
that has an age ranging between ¢’ and
(@ + dt').

The distribution functions may then
be used in conjunction with Equation (2)
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to compute the concentration at any
point £:

c(®) — cin*

Cin — Cin*

= f eV, ) e (18)

1
= [ e arg v)
o

where

t' = age of fluid stream at point ¢ on

tray = &

t = age of fluid stream at moment of

leaving the tray

As both ¢ and Z, were measured experi-
mentally, the value of k.a could be
estimated by the previpusly determined
least-squares equation (11). Integration
was carried out numerically by use of
Simpson’s rule. A typical concentration
profile calculated in this manner is shown
in Figure 7. For comparison, the concen-
tration profile of oxygen measured under
conditions identical to those of the
residence-time distribution run is also
plotted here, and the concentration
profile for no mixing is indicated also.
For all conditions studied, the calculated
profiles always fell below the experi-
mentally determined profiles, an indica-
tion that the predicted rates of mass
transfer were too high. Detailed con-
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Fig. 5. General correlation of liquid mixing
results, R,, the rate of increase of variance
with tray length (sec.?/ft.)/in. liquid
holdup on the tray is correlated with the
product of ¢, froth density (cu. ft. of liquid
holdup/sq. ft. of bubbling area/cu. ft. of
.froth/sq. ft. of bubbling area) and V}, froth
velocity (ft./sec.). Data are shown for two
values of gas rate and for two values of
froth height, Z,.

centration-profile data for all runs are
available from reference 7. Unfortunately,
most of the liquid-phase efliciencies
ranged between 90- and 1009, and
experimental and calculated values of
E, 1 were too close for a fair comparison.
For this reason, the experimental and
calculated profiles afford the best means
of comparison, particularly when they
are represented on semilogarithmic co-
ordinates as in Figure 8. For the case of no
mixing, it is known that such a plot yields
a straight line with an intercept at 1.0,
and for a liquid-phase controlling system,
a slope equal to —N.. For complete
mixing the slope is zero. When the liquid
is only partially mixed, it is not immedi-
ately evident that the log profile should
be straight, but if it were, its slope would
lie somewhere between —N. and zero.
Figure 8 shows a typical plot of experi-
mental and calculated profiles. The
linearity of this semilog plot has been
found previously in experiments by
Stone (27).

Figure 8 shows the zero intercept
greater than 1.0. It is not possible, of
course, for liquid on the tray to have a
concentration greater than the inlet
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concentration, and to have an intercept
of even 1.0 is unrealistic. As liquid mixing
at the inlet immediately dilutes the
incoming liquid, the concentration at
that point is always less than the incom-
ing liquid concentration. This fact has
been verified experimentally in this work.
This means that the straight-line rela-
tionship of Figure 8 does not hold in the
region close to the liquid inlet, apparently
because of nonuniform froth conditions at
that point. No attempt was made, there-
fore, to extrapolate the concentration
profiles to the liquid entrance.

The nonuniformity of the froth at the
inlet is most likely the reason for the
discrepancy between the calculated and
experimental profiles. The experimental
profiles seem to indicate that the first
few inches of the tray are ineffective. In
calculating the profiles by Equation (13),
however, a constant value of k.a was
used for the entire tray. To compare
properly the calculated and experimental
profiles, only the portion of the tray in
which the k,a value is constant should be
considered. The zero-distance coordinate
would begin at some point downstream
from the inlet and the net result would
be a shifting to the left of the experi-
mental profile.

There still remains the possibility that
the k,a values are slightly in error. This
might arise had there been a small
amount of nonmixing of liquid in the
pool experiments. Only a slight variation
from the fully mixed case will result in
large discrepancies in the calculated
values of k_a.

Approximate Calculation of Plate Efficiency

Calculation of the plate efliciency by
Equations (3) and (4) requires detailed
knowledge of the distribution function,
and if this information is in tabular or
graphical form, the calculation becomes
tedious. Considerable simplification re-
sults by employing an approximate
analytical representation of the distribu-
tion function. Relating the parameters of
this approximate distribution function to
the variance rates correlated in Figure 5
gives a rapid method for estimating plate
efficiency.
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A function which appears to fit the
measured residence times reasonably well
is of the form

OO (14)

Equating the first and second moments
of this function to unity and o2 respec-
tively shows that

06 ~8/¢
(6) = 3w (15)
where b is defined as 1/02 — 1. This

function may be substituted into Equa-
tions (3) and (4) and the integrations
performed analytically. For the case of
liquid phase controlling mass transfer
resistance,

EML = 1 - (1 + NLU2)—1/0’ (16)
E\ ., may now be calculated from knowl-
edge of the variance at the tray exit and
the value of N.

A surprising result of this approxima-
tion is that the derived expression for the
Murphree efficiency is the same as that
given by the pool concept. The value of
1/¢? in Equation (16) above corresponds
to n, the number of pools in Equation (1).
This correspondence should not be
taken to mean that the present work
substantiates the presence of pools. Use
of an empirical equation different from
Equation (14) would probably represent
the experimental distribution functions
equally as well, but would not lead to a
final equation identical in form to the
pool equation. Agreement between the
form of the final equation with that of
the pool equation must be considered as
fortuitous. In this same regard, Mac-
Mullin in a review of this paper has
suggested that the measured distribution
functions be compared with those which
he derived for a series of n stirred tanks'
(20). The value of n estimated by this
visual comparison might then be used
in the equation of Gautreaux and
O’Connell (9) to calculate the Murphree
efficiency.

The relation between Ey; and the
variance as given by Equation (16) now
makes prediction of the plate efficiency
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fairly simple. A sample calculation is
given below to illustrate the method of
predicting the plate efficiency from
knowledge of the column conditions.

EXAMPLE

Estimate the Murphree efficiency to be
obtained on a sieve-tray unit on which
oxygen is being stripped from oxygen-rich
water with air under conditions identical
to those reported in run 22a by Foss and
Gerster (8). The experimental efficiency
reported in (8) was 71.09% and the run
conditions were as follows:

Liquid rate = 50 gal./(min. )(ft. weir)

Gas rate = 6.48 cu. ft./(sec.)(sq. ft.
: bubbling area)
Froth height = 7.4in.
Froth density = 0.154 cu. ft. liquid/cu. ft.
froth
Water
temperature = 22.2°C.
Tray length = 1.5 ft.

Substitution of the known froth height
and froth density values into Equation (11)
gives a value of kra = 2,511 lb.-moles/
(br.)(eu. ft.). This value applies at a tem-
perature of 21.1°C., at which the point~
efficiency measurements were made; it must
now be corrected to the temperature of
interest, 22.2°C. The correction factor,
which is the square root of the ratio of the
dimensionless Schmidt number at 22.2°C.
to the Schmidt number at 21.1°C., is only
0.995, but the method is given as a matter
of general interest. Thus at 22.2°C.,
kre = 0.995(2511) = 2,497. The value of
Ny then becomes

NL = kLaZf/L
_ [2,497(7.4/12)][ (18)(1.5) ]
50 (8.33)(60)
= 1.663

The factors in the right-hand bracket con-
vert the liquid rate to pound-moles/
(hour) (square feet of tray area).

The variance is obtained from Figure 5
from knowledge of the froth momentum.
If Q is the clear liquid rate, cu. ft./(sec.)
(ft. of weir), then the froth velocity V, is
(Q/$)/Z; tt. /sec., and the froth momentum
¢V, is Q/Z, {t. /sec. In the present instance,
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oV, = [(7.42?(60)}[(7-41/12)]

0.181 ft./sec.

From Figure 5 the corresponding value of
R, or (do2/dw’ 7, is 0.247 (sec.2/ft.) “un,,
and

2
o = 2w
= [(7.4)(0.154)]1(1.5,(0.247)
= 0.423 sec.’
The mean liquid residence time is
= (ZW)/Q
_ [(7.4)(0.15@](1.5)[(7.48)(60):!
12 50
= 1.279 sec.
and so
1/c* =n = /¢,

= 1.279°/0.423 = 3.869

from which the Murphree efficiency may be
predicted by Equation (16):

Eyr =1— (1 4+ N>V
=1— (14 1.663/3.869) %%
= 0.749 or 74.99,

The experimental value of 71.0% is again
somewhat less than the predicted value of
74.9%. Had the liquid been completely
mixed, Ejyr would have been 62.4%, and
had it been not mixed at all, Ej; would
have been 81.09,.

Estimated Ej, values for the other
runs of Foss and Gerster (8) indicate that
this technique does a fairly good job of
prediction when the gas rate is high and
liquid rate is low. These conditions usually
lead to considerable mixing (small values
of n = 1/6%). In all cases, however, the
estimate is high. At low gas rates (2-4
ft./sec.), the predicted B, values do not
check at all well with measured effi-
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ciencies, the predicted values being again
too high. These differences might be
attributed to the approximation tech-
nique or errors in the kpa values, but it
is more likely that they result from
nonuniform conditions in the froth at
the liquid entrance. There is no way at
present to estimate the mass transfer
coefficient in this region, nor are there
data to indicate the effect on the resi-
dence-time distribution function. It ap-
pears that these conditions must be
taken into account by subtracting an
“ineffective’” length from the actual
distance of liquid travel. Corrections of
this nature have been employed by
Stone (27), who found that they may
amount to as much as 5 in. of tray length,

SUMMARY

. Liquid flowing across a distillation tray
seldom, if ever, travels from inlet to
outlet without mixing in the longitudinal
direction. Usually the mixing is incom-~
plete and a concentration gradient exists
in the liquid phase. Mixing of the liquid
causes some liquid to reside on the tray
for periods longer and/or shorter than
the time of residence of other portions of
liquid. 1t is found that the plate efficiency
is greatly altered by the distribution of
liquid residence times thus produced, and
the relationship between these two has
been derived.

In order to check the derived relations,
residence-time distributions for several
operating conditions were determined
experimentally. By use of these residence-
time distributions in conjunction with
measured values of the mass transfer
coefficient, efficiencies and liquid concen-
tration profiles were computed and
compared with actual experimental pro-
files and efficiencies. The predicted mass
transfer rates were somewhat high.

June. 1958



In addition, the rate of mixing has
been characterized by the rate of increase
of variance of the ages of fluid elements
as they flowed across the tray. This

measure of the rate of dispersion within’

the froth was found to depend only on
the bulk momentum of the flowing
froth and the liquid holdup per unit fray
area. Gas rate and height of the froth
had no effect on the rate of mixing
separate and distinet from their effect
upon the liquid holdup and froth momen-
tum. A method has been developed
whereby this correlation of mixing rates
may be used to predict rapidly the plate
efficiency when liquid mixing occurs. -
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NOTATION

¢ = mole fraction of volatile com-
ponent in liquid at a given point
on tray

¢(§, t) = mole fraction of volatile com-
ponent in liquid element at
point & which is to reside on the
tray for a.time between ¢ and

@+ dt)
¢;n = mole fraction of volatile com-
ponent in liquid entering tray
¢*;» = mole fraction of volatile com-

_ ponent in liquid that would be

in equilibrium with entering gas

= mole fraction of volatile com-

ponent in liquid which would be

in equilibrium with the average

composition of the gas leaving
tray

D = eddy-diffusion coefficient, sq. ft.
* /see.

= Murphree vapor point efficiency

€ out

Eqe
— '!/ — yin

h y* - yin X
Eyy = Murphree vapor plateefficiency
- g —_ yin

yout* = Yin .
Eyr = Murphree liquid plate efficiency

C,',,“"C

7~ *
Cin — Cout

f() dt = fraction of the liquid flow which
has ages between £ and (¢ -} dt)
at instant of leaving tray

F(t) = cumulative residence-time dis-
tribution function = f§ f(z) dx

G = molar gas rate, lb.-mole/(hr.)
(sq. ft.)

kra = liquid-phase mass transfer co-

efficient, lb.-mole/(hr.) (cu. ft.
froth) (unit mole fraction diff-
erence)
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L = molar liquid rate, Ib. -mole/
(br.)(sq. ft.)

L’ = molar liquid rate, 1b.-mole/hr,

m = glope of equilibrium line

n = number of hypothetical com-
pletely mixed pools or stirred
tanks

N; = number of liquid-phase transfer

S units

Q = clear liquid rate, cu. ft./(sec.)
(ft. of weir)

2

R, = Zic %%‘— , rate of increase of

variance, Z, in in. » T in sec., w
. in ft.

L, = time, sec.

t, t; = first and second moments re-
spectively of the distribution
function f(w, t)

V; = mean linear froth velocity, ft./
sec.

w = horizontaldistancealongaerated

. portion of tray up to point in
question; measured from liquid
inlet of test section, ft.

W = total horizontal distance be-
tween liquid inlet and outlet of
test section, ft.

y = mole fraction of volatile. com-

ponent in gas which has just -

left & given point on the tray

Yin = mole fraction of volatile com-
ponent in gas enfering tray,
assumed constant for entire tray

g = average mole fraction of vola-
tile component in mixed gas
leaving entire tray

¥*ou: = mole fraction of volatile com-
ponent in gas which would be in
equilibrium with liquid leaving
tray

y* = mole fraction of volatile com-
ponent in gas in equilibrium
with liquid at a given point on

tray

Z, = helght of clear hquld on opera,t—'
ing tray

Z, = height of aerated liquid above

tray floor, ft.
a, 8, Y= constants

6 = t/r, dimensionless time

A = (mG/L)

£ = w/W, dimensionless distance
o:2(w) = variance of ages of fluid ele-

ments at point w, (sec.)?, com-
puted as » — ({2

o*(w) = dimensionless variance
_ o C(w)
- 2
-
T = mean age of fluid elements leav-
ing tray, sec.
¢ = froth density, computed as

Z./Z,, (eu. ft. clear lquid)/
(cu. ft. froth)

erfc ()= complementary error function
. f e™ du
Vi Js
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